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The Brownian motion
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[Exner, Šeba 1989 (JMP)]

∃ stationary solutions of i
∂Ψ

∂τ
= −∆Ψ in any locally curved Dirichlet strip Ω ⊂ R

2:

E10



Bound states in curved quantum waveguides
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⇑

λ1 := minσ(−∆) < minσess(−∆) =: E1
E10 λ1

⇓

solutions of
∂p

∂τ
−∆p = 0 have a slower decay in time: max

p0

‖p(·, τ)‖L2

‖p0‖L2

= e−λ1τ

⇓

the Brownian particle lives longer in a curved strip
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→ the motion is quasi-1-dimensional

i.e. the traveller is constrained to a vicinity of an infinite curve Γ of curvature k

i.e. u = 0 off the strip Ω := {x ∈ Σ | dist(x,Γ) < a}

→ the traveller is asymptotically Euclidean (i.e. K vanishes at infinity)

→ the traveller is asymptotically geodetic (i.e. k vanishes at infinity)

¿ K ←→ large-time behaviour of p(x, τ) ?
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(

tN(s)
)

ւ normal

Jacobi equation

Gauss lemma ⇒ metric G = h(s, t)2ds2 + dt2

{

h,tt(s, t) +K(s, t)h(s, t) = 0

h(s, 0) = 1 h,t(s, 0) = −k

Laplace-Beltrami operator −∆ = −|G|−
1

2∂i|G|
1

2Gij∂j on L2
(

Ω0, |G(s, t)|
1

2 dsdt
)
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• Heuristics: [Mitchell 2001] • Rigorous treatment: [Freitas, D.K. 2008], [Wittich 2008]

• Abstract approach: [D.K., Raymond, Royer, Siegl 2017]
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Parabolic traveller

K ≥ 0

Theorem ([D.K. 2003 (JGP)]).

If K vanishes at infinity then σess(−∆) = [E1,∞)

If K ≥ 0 and K 6= 0 or k 6= 0 then λ1 := inf σ(−∆) < E1

Corollary. σdisc(−∆) 6= ∅
E10

bound states

NB K = 0 due to [Exner, Šeba 1989]

Corollary.
∥

∥eτ∆
∥

∥

L2
→L2 = e−λ1τ (slower decay)

Proof. Variational: ∃ψ such that
〈

ψ, (−∆− E1)ψ
〉

< 0. q.e.d.
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Hyperbolic traveller
K ≤ 0 (k = 0)

Theorem ([D.K. 2006 (JIA)], [Kolb, D.K. 2014 (JST)]).

If K ≤ 0 and k = 0 and a≪ 1 then −∆− E1 ≥
c

1 + s2
Hardy inequality

where c > 0 if K is not identically zero and has compact support.

E10

Corollary. & spectral stability (subcriticality)

Theorem ([Kolb, D.K. 2014]).
∥

∥eτ∆
∥

∥

L2
w→L2 ≍ (1 + τ)−3/4+δ e−E1τ (faster decay)

Proof. Self-similarity transform + weighted Sobolev spaces + Hardy inequality q.e.d.
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Moral : curvature positive zero negative

transport bad critical good

probability decay e(E1−λ1) τ e−E1τ τ−1/4 e−E1τ τ−3/4 e−E1τ ∗

∗ fine effect of transience, faster cool down / death of the Brownian particle

Analogy : (negative curvature)

→ twisting

D

N

N

D

[D.K., Zuazua 2010 (JMPA)] [D.K., Zuazua 2011 (JDE)]

→ magnetic field [D.K. 2013 (CV&PDE)], [Cazacu, D.K. 2016 (CPDE)]

Open problems :

¿ better topology than L2
w → L2 with w(x) = ex

2/4 ?
¿ slow decay of curvature at infinity ?
¿ general conjecture: Hardy inequality ⇒ faster cool down ?



Happy birthday, Petr !

Yigal Ozeri: Territory, 2012 (oil on canvas, 80 x 120 in)
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