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the Brownian particle lives longer in a curved strip




Which geometry is better to travel in ?




Which geometry is better to travel in ?

Effect of the curvature of the ambient space?

Euclidean space R> — Riemannian manifold




Which geometry is better to travel in ?

Effect of the curvature of the ambient space?
Euclidean space R> — Riemannian manifold

o
L pin

,:l . ‘? L B
I .
ee 7

el

11

critical bad good



Our stochastic model

— the traveller is alone and free

Op
L Ap=
ot p=0



Our stochastic model

— the traveller is alone and free

Op
L Ap=
ot p=0

— the ambient space is 2-dimensional

[.e. surface X of curvature K



Our stochastic model

— the traveller is alone and free

Op
9P Ay — Q
ot p=0

— the ambient space is 2-dimensional

[.e. surface X of curvature K

— the motion is quasi-1-dimensional
i.e. the traveller is constrained to a vicinity of an infinite curve I' of curvature k

i.e. u=0 off the strip @ :={z € X | dist(x,I') < a}



_>

%

%

Our stochastic model

the traveller is alone and free

Op
L Ap=
ot p=0

the ambient space is 2-dimensional

[.e. surface X of curvature K

the motion is quasi-1-dimensional

i.e. the traveller is constrained to a vicinity of an infinite curve I' of curvature k

i.e. u=0 off the strip @ :={z € X | dist(x,I') < a}

the traveller is asymptotically Euclidean

(i.e. K vanishes at infinity)



_>

%

Our stochastic model

the traveller is alone and free

Op
L Ap=
orT p=0

the ambient space is 2-dimensional

[.e. surface X of curvature K

the motion is quasi-1-dimensional

i.e. the traveller is constrained to a vicinity of an infinite curve I' of curvature k

i.e. u=0 off the strip @ :={z € X | dist(x,I') < a}

the traveller is asymptotically Euclidean

the traveller is asymptotically geodetic

(i.e. K vanishes at infinity)

(i.e. k vanishes at infinity)



_>

%

Our stochastic model

the traveller is alone and free

Op
L Ap=
ot p=0

the ambient space is 2-dimensional

[.e. surface X of curvature K

the motion is quasi-1-dimensional

i.e. the traveller is constrained to a vicinity of an infinite curve I' of curvature k

i.e. u=0 off the strip @ :={z € X | dist(x,I') < a}

the traveller is asymptotically Euclidean (i.e. K vanishes at infinity)

the traveller is asymptotically geodetic (i.e. k vanishes at infinity)

i K —

large-time behaviour of p(x,7) ?
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Enrico Fermi (1901-1954)

Gauss lemma = metric G = h(s,t)*ds® + dt* {

Laplace-Beltrami operator

Fermi coordinates

~ normal

Q= L(Q) Qo :=R x (—a,a), L:R*—=X: L(s,t):=expp( (tN(s))

Jacobi equation
hit(s,t) + K(s,t)h(s,t) =0
h(s,0) =1 hi(s,0) = —k
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e Heuristics: [Mitchell 2001] e Rigorous treatment: [Freitas, D.K. 2008], [Wittich 2008]

e Abstract approach: [D.K., Raymond, Royer, Siegl 2017]
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A = infO'(—A) < Eq
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#0 or k#0 then

If K >0 and K

1

bound statesE

0

Udisc(_A) +* O

Corollary.



Parabolic traveller

77 77 FAZ T
........ e i
i N

Theorem ([D.K. 2003 (JGP)]).

Ay Ay e

If K vanishes at infinity then

If K >0 and K #0 or k# 0 then

Corollary. | ogisc(—A) # O

NB K = 0 due to [Exner, Seba 1989]

O bound statesEv1




Parabolic traveller

Theorem ([D.K. 2003 (JGP)]).

If K vanishes at infinity then

If K>0 and K#0 or K#0 then| A\ :=info(—-A) < E}

.[\
Corollary. | o4isc(—A) # & bound states
0 E,
NB K = 0 due to [Exner, Seba 1989]
Corollary. HeTAHL2_>L2 — e MT|  (slower decay)




Parabolic traveller

T ZZ 7~
;,;,....'.,,."......... =,

Vi 0y T A T A iy 7
K >0 O A iy A oy v i
W

Theorem ([D.K. 2003 (JGP)]).

If K vanishes at infinity then | gess(—A) = [E7, 00)

If K>0 and K#0 or K#0 then| A\ :=info(—-A) < E}

.[\
Corollary. | o4isc(—A) # & bound states
0 E,
NB K = 0 due to [Exner, Seba 1989]
Corollary. HeTAHL2_>L2 — e MT|  (slower decay)

Proof. Variational: 3¢ such that (¢, (—A — E1)y) < 0. g.e.d.
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Theorem ([D.K. 2006 (JIA)], [Kolb, D.K. 2014 (JST)]).
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Theorem ([D.K. 2006 (JIA)], [Kolb, D.K. 2014 (JST)]).

c
1+ s2

where ¢ > 0 if K is not identically zero and has compact support.

f K <0 and =0 and a<1 then | —A—-FE; >

Hardy inequality

Corollary. ————————————— &  spectral stability (subcriticality)
0 E,

Theorem ([KOlb, D.K. 2014]) HeTAHLQ 12 =4 (1 + 7')_3/4+5 e_ElT (faster decay)

Proof. Self-similarity transform 4 weighted Sobolev spaces + Hardy inequality g.e.d.
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Conclusions

Model: quasi-1-dimensional Brownian particle in a 2-dimensional curved space
Moral: curvature positive zero negative
transport bad critical good
probability decay || eF1=A)T g=EaT | p=1/d o=ErT | p=3/4 o—EnT

* fine effect of transience, faster cool down / death of the Brownian particle

Analogy : (negative curvature)

— twisting

[D.K., Zuazua 2011 (JDE)]

N D

— magnetic field [D.K. 2013 (CV&PDE)], [Cazacu, D.K. 2016 (CPDE)]

Open problems:

j better topology than L2 — L? with w(x) = e’ /4 7

; slow decay of curvature at infinity 7

; general conjecture: Hardy inequality = faster cool down 7
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