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Votivation

« Spectral properties of Schrodinger operators:

* Neumann: conjectured that bound states exist on a corner
domain for ¢<r (proved for <0.517)*

e Delta: discrete spectrum with B=0**. Does it persist with B=07?

 Quantum mechanics: is a spinless, massive charged particle
on a corner domain of angle ¢ bounded?

* Superconductivity: the lowest eigenvalues in the Neumann and
Robin conditions limit the critical magnetic tield below which

there Is superconductivity

*N. Raymond, EMS Tracts in Mathematics, 2017; V.
Bonnaillie, These de doctorat, Université Paris X| (2003)

**P. Exner and T. Ichinose, J. Phys. A: Math. Gen. 34
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Magnetic Laplacian on a wedge

* Eigenvalue equation:

Vath = b, with Va := (iV + A), A1, 22) = %(—xg,xl)T, and

e Hy(Q), Ha(Q) :={y € L*(2): Vay € L*(;,C?)}

 We consider a wedge of angle ¢ and distinguish three cases:

I 1 2
/4 Qp:={(r,0) e Ry xS': €(0,¢)} CR

* Neumann: V-1 =0, Q:=Q,
* Robin: VAt -1 = g1, () :=

o Attractive 8int.onT: (Vatyy +Vaty_) -1 =B, Q= R?
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Magnetic Laplacian on a wedge

* Bottoms of essential spectra 6g found by
variational characterisation

* Bound state A below 6g?

* Min-max principle:
. Jo dS ]VAu\Z — S [ndr \u!Q
A = iInf 5
u€Ha () o, dS |l

— inf RA (u)
ueH 5 (Q)
MM

* Find u such that Ry(U) < 85, i.e.

Tlu]l = /st (|VAu|2 — 05 |u|2) — ﬁAdr ul” < 0



* Ginzburg-Landau functional:
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See e.g. S. Fournais, B. Helffer, Spectral Methods
in Surface Superconductivity, Birkhauser, 2010
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* Ginzburg-Landau functional:

2
66, A8) = [ (1637 + RAVOP + 5 (0 1P + 6717 x A~ P

|7p| is the density of cooper pairs, A the magnetic potential, k a physical
constant, and H=V XA  the applied (constant) magnetic field

« Forlarge k (type 2 superconductor) and H, G is minimum at |¢{|=0, A=A,
(No superconductivity at large enough magnetic fields)

* Onset of superconductivity”? Expanding near the normal state,

G(op, A, + A) >~ constant + /Q (J(=iV + kAL 9|* — K|9|?)

e The normal state is not minimum if /Q(\(—N+ KAL)1F — K|]?) <0

— [ogether with a boundary condition we recover our bound state problem

S. Fournais, B. Helffer, Spectral Methods in
Surface Superconductivity, Birkhauser, 2010



Neumann & Robin

 Find u that makes Z[u] = /dS Vaul® — 05 5\1 5/d!\<0



Neumann & Robin

* Find u that makes Z[u] :/

ds (\VAuIQ —0Rr.3 \u!2) - 6/ dr|ul” <0
Q T

* Orgis the bottom of the essential spectrum:

[+l slgtrol
Or.p = inf 220 with —g7(r) +77g(r) = ng(r)

o0
0,1
: / 9(r)2dr
To
QRﬁ

0-5%\

05 P
-0.5¢

-1+ Oprs > —f°
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« We try functions of the type ux(r,0)=e-2r/2eiblro)
with b(r,0)=r b1(8)+r* b2(0)+r3 bsz(6)+

« We start with b(r,6)=r bi(#) and systematically
improve:

1 ¢
I[u*] = %A (b%+(89b1)2— 9 7;(89191)) dtg—l-?— Rﬁgb—FS%fz—ﬁ\/i

e Optimal: v:1(0) = 4(1@;) (69 —e—<¢+9>), with z =

= Sl

_ ¢ mtanh(¢/2) Orpor> Py p(x)
I[“*]_x4(§_ 16 ) y T AVTr=—g
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T[u.] :/st (|VAu*|2 — 0,5 |u*|2) —B/Fdr|u*|2
4 (? B Wtanh(gb/Q)) B @R,5¢x2 n 0, Bﬁ$ _ P¢73(QZ‘)

8 16 9 2 16
Wlth U, = 6—T2/(2:C2)6i7“b1 (0)
JT
$<0.509 1 does
not beat previous | MiNxe (0,.00) Pypg(X) >0
q)<051 1 T % [ ] minxe(o,oo) P¢,B(X) <0

Vn

bound states for
d<+/rr for B large
enough.
Considering
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bound states
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Improvements iIn Neumann

—a/2-r2ei(r-b1(9)+"2'b2(9)) and obtain:

« Now we try u(r,0)=e
I[u*] _ A¢ [<b’1(@))2 N (bé(@))Q N \/%b’l(g)bé(g) N (bl(e))Q . 2(()2(9))2

2a 2a2 2a3/2 2a a?

L VANO(0)  VTDV(O)  02(0)] ,  9(4a + 1 daby)

a3/? 4q3/? 2a2 S8a?




Improvements iIn Neumann

-a/2: (1 by(6)+2:bx(0))

e Now we try u.(r,0)=e and obtain:

Huel = /0¢ [@35?)2 L Be0)” VT OB0) 01O 2b(0)°

2a2 2a3/2 2a a?

L VTO)(0)  VTL(6) 12 ()

¢(4CL2 + 1 — 4&@0)
8a?

a3/? Aq3/? 2a2

[ab+

 Optimal by and bo:
e Functional derivative: — (;;7 \/37) (Zg%) + (2\2/% 2@) (Z;EQD =0

e Usual derivate with respect to the free parameters

>



Improvements iIn Neumann

-a/2: (1 by(6)+2:bx(0))

e Now we try u.(r,0)=e and obtain:

P00 (05(9))° L VI (0)6:(8) | (01(60))° | 2(b2(6))°
I[u*]:/o [ 2a i 2a? i *

2a3/2 2a a?
LVTOb(0)  VTBU(O) 2(0)] ) d(da + 1~ 4aB0)
a3/?2 4aq3/2 2a2 8a?

 Optimal by and bo:
» Functional derivative: — (;57 \/37) (2%;) + (2\2/% 2@) @EQD =0
e Usual derivate with respect to the free parameters

e Tlu,] = % — %505 [2¢s — pips {vi tanh (3p16) + v tanh (5120) }]

Vi —m3—1m+ + 1
V1o = e N g e — ° —} $<0.583 !

2 lxs

>

—1
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Delta interaction

. Find u that makes Z[u] = /R 45 (|9 aul’ — b5 1uf*) - 5 / dr [ul® < 0

* The bottom of the essential spectrum Bs3 1S

©.@)

(Ig'(r) 12 4+ r2|g(r)|?)dr — Blg(ro)|?

[l

(95,5 :— inf 2
0,7

: -1}
Osp=1- = +0(8%) ol




« Useful to rotate A by ni/4 and shift it ¢. Equivalently,
we rotate and shift the wedge
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« Useful to rotate A by ni/4 and shift it ¢. Equivalently,
we rotate and shift the wedge

2 0%
(] ;:/0 /O 1V, 2 + (JAJ? — O5.6)|us|?] rdrd6

5 [ ustreos o —ersingy —OPdr =6 [ fu(reoso- —crsing. — o Pdr
0 0

with ¢+ :=m/4+ ¢/2

o Using u«(r.0)=e-2/21

4

Tlu == (1 i xZ - 552@5,6) — Ba/me™V WD) (1 yerf (y) = 7Fy 5(x, )

with = =1/va and v = v2ac? cos(¢/2)



zt 2 2
T ;,;2@5,5) — Bry/me™V D (1 4 erf (y)) = wFy,p(2, y)

Tlug] =m (1 + 1
with w, = e/ (22%)

NS

=

10

iNfxye,0) Fp,(Xy) >0

. ian,yE(O,oo) Fd),B (x,y) <0



4 2 2
ro 5132@5,5) — 5$ﬁ€_y tan™(¢/2) (1 + erf (y)) — 7TF¢,5(377 y)

Tlug] =m <1 + 1 2 2

As B — 0+
Osp=1— % +O(8?)

For ¢€(0,m/3]

Fyp(V2,103) < Fs 5(V/2,1043)
~ —0.0033 + O(5%)

=

10

infxye©w0) Fop(Xy)>0

W infyye©e) Fpp(Xy) <0



NS

w [~

4

Tlug] =m <1 + % = 5132@575)

B 5:6\/%6_’92 tan2(¢/2) (]_ -+ erf (y)) — 7TF¢>B(£E7 y)

with w, = e 7 /(227)

infxye©w0) Fop(Xy)>0

W infyye©e) Fpp(Xy) <0

As B — 0+
@5,5 =1- % -+ (9(52)

For ¢€(0,m/3]

Fyp(V2,103) < Fs 5(V/2,1043)
~ —0.0033 + O(5%)

For large
2
Os55 > —%

For ¢&€(0,m/8|

13 L (132
Fy.p (g¢(ﬁlo), 13) <1 - gg(io) +0(87%)

~ —0.042 4+ O(B™*)

10

go(y) = 2m~ V27V 0/ (1 4 erf (y))



Summary & conclusions

 We have investigated the existence of bound states for the
Laplacian with a constant magnetic field on a wedge with
different boundary conditions and angles

« The Neumann case has been proved up to $=<0.5837 (~105°),
14% more than the previous limit.

« [or the Robin boundary condition we have proved the existence of
bound states for $=0.564w (~102°) for positive 3. For small

negative B there are also bound states for ¢=0.517 (92°).

« By applying a magnetic field to the plane with a delta interaction
on a broken line, the discrete spectrum persists, at least for ¢p=7/8

(~23°)



